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Previous work (GONG-NING CHEN, J. Math. Anal. Appl. 98 (1984), 3055313) on 
iteration of holomorphic maps of c” is continued. The purpose of this note is to 
extend results given in the above mentioned reference to the case of complex 
Hilbert spaces. Other comments are appended. 1~ 1985 Academic Press, Inc 
1. A theorem of Wolff [9] (see also Burckel [ 11) asserts that if 
VIA -+ A, the open unit disc in the complex plane, is analytic and fixed- 
point-free, then there exists u E dA such that every closed disc in A which is 
tangent to i?A at u is mapped into itself by every iterate off. Recent papers 
by Ky Fan [4,5], and by the author [2] show that Wolff’s theorem can 
be extended to analytic functions of operators, and to holomorphic maps of 
c”, respectively. The present note is a continuation of [2], and deals with 
iteration of holomorphic maps in Hilbert spaces. The purpose here is to 
generalize results givin in [2] to the case of complex Hilbert spaces of any 
dimension. As in the previous work [Z], this writing was also inspired by 
the elegent results of [4, 51. 
Throughout this note, X and Y will be complex Hilbert spaces of any 
dimension, and B and B, the open unit balls of X and Y, respectively. A 
map F defined on an open connected set D in X with values in Y is said to 
be holomorphic if for each x E D its Frechet derivative at x exists as a 
bounded complex-linear map of X into Y. By a biholomorphic map we 
mean a holomorphic map with a holomorphic inverse. 
Fix b E B, and let P, be the orthogonal projection of X to the subspace 
spanned by b and set Qb = I- Pb. Here I stands for the identity map on X. 
Denote by Qb the Mobius transformation 
Q 
b 
J-f%-(1 - llbl12)“2Qbx 
l- (x, b) 
(x E m, 
where (,) denotes the inner product of X. It is well known [6,8] that the 
identity 
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1 _ ,,@b(x),,2= (1 - llb112)(l - llxl12) 
I1 - (XT @I2 
holds for all x E B, and that @‘b is a holomorphic map of B (B) onto B (B). 
2. In this section, we extend Theorem 1 in [2] to the case of 
iteration for holomorphic self-maps of B of complex Hilbert spaces. Other 
comments are appended. We begin with a version of Lemma 1 in [2] by 
replacing C” by X (with the same proof). 
LEMMA 1. Let X be a complex Hilbert space and let b be a fixed point of 
B, x E B, and d > 0. Then inequality 
(3) 
holds if and only if 
TJx, d) = 
d 
+ d+ lPl12 ~ llQA2 
Equality occurs in (3) if and only if it occurs in (4). When b E B, both (3 ) and 
(4) are equivalent to 
lI@,(x)l12< 
d+ llb112 - 1 
d 1 (5) 
and equalities hold simultaneously in (3) (4), and (5). 
THEOREM 1. Let F be a holomorphic self-map of B, and Fcml denote the 
mth iterate of F. Then there exists a w E B such that 
d(w, F”“‘(x)) < d(w, x), (6) 
L(~c”‘(x), d(w, x)) < T,(x, d(w, x)) = 
d(w,x) {d(w,x)+ llwl12-1) 
{d(w, x) + llw/12}2 ’ (7) 
and 
II@wF’c”‘(4112 < Il@i,(x)ll” = d(w, x) + llwil 2 - 1 
4w x) 
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hold for any x E B, and m = 1,2 ,..., where 
d(w, x) = I1 r’;x;“2, 
and T,(y, d( w, x)) is defined as in (4) for y E B. If, further, F: B + B is con- 
tinuous in the weak topology of A’, then we haoe F(w) = w unfess 11 wI/ = 1. 
Proof Take 0 < tk < 1 with lim,, o. t, = 1, and set Fk = t,F. As was 
stated in the proof of Theorem 1 in [2], by an application of a theorem of 
Earle and Hamilton [3] we can choose a sequence {xk}in B such that 
Fk(xk) = xk for all k. Since B is weakly compact in X, we may assume by 
replacing a suitable subsequence that (xk} converges weakly to w, i.e., 
lim k-rm<~,xk)= (Y, w> for any YES. Then II4 <limk,,IlxkII < 1, so 
that WEB. From the Schwarz-Pick lemma it follows that 
ll@#‘&))ll 6 II@.x,b)ll for any x E B. 
In view of the identity (2), this is equivalent to 
l~-~~(F(~),~~)l~~l~-(~,~i,)l~ 
1 - t:IlFb)l12 1 - llxl12 . 
By letting k + co, we derive that the case m = 1 of (6) holds for any x E B. 
If, further, F is weakly continuous in B, i.e., F(xk) -+ w F(x,) whenever 
xk +w x0 and X~S, x0 E B, then we have F(w) = w unless ilwll = 1. The rest 
of this proof follows now from Lemma 1 by a similar argument to that 
used in Theorem 1 in [2]. This completes the proof. 
For finite dimensional X, the condition here on F coincides with that of 
Theorem 1 in [2], since the weak continuity of F is then a consequence of 
the condition of holomorphy. Thus, Theorem 1 here is a generalization of 
Theorem 1 in [2]. 
It is incidentally seen from the proof of Theorem 1 that if F is a 
holomorphic map of B into B, and is weakly continuous in B, then F has a 
fixed point in B. In particular, if F is a biholomorphic map of B onto B, it 
is well known [6, 81 that F= UQb, where U is unitary and b= F-‘(O); 
therefore F is weakly continuous in B since ah is. This leads to the 
following. 
COROLLARY 1 (Hayden and Suffridge [6]). Any biholomorphic map of 
B onto B fixes a point in B. 
Like Wolffs theorem, quoted above, Theorem 1 has an appealing 
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geometric interpretation. For any x E B, let E(w, x) denote the set of all 
z E X that satisfy 
where d(w, x) is as in (9). Then E(w, x) is the closed ellipsoid with center at 
w/(d(w, x) + Ilwji’). Let ~E(w, x) be the boundary of E(w, x). We have: 
COROLLARY 2. Suppose that F: B -+ B is holomorphic. Then there exists 
w~Bsuch that FCm1(E(w,x))cE(w,x)c~foraflx~Bandm=1,2,.... If 
II wI[ = 1, E(w, x) is tangent o dB at w for all x E B. 
Proof A little manipulation shows that E(w, x) c B for any x E B, and 
if, in particular, llwll = 1, then E(w, x) is tangent to aB at w. Then, (7) 
means that x E aE(w, x) for any x E B, and F[“l(x) E E(w, x) for all x E B 
and m = 1, 2,... If y E aE( w, x), we have by Lemma 1 that d( w, y ) = d( w, x), 
whence Fcml(y) E E(w, y) = E( w, x). If y is in the interior of E(w, x), then 
we also have F[“l(y) E E(w, x) for any m, for, if not, we would have that 
Fcml(y) 4 E( w, x) for some m. This implies that there exists u belonging to 
aE( w, x) n dE( w, y ), so that d( w, x) = d( w, U) = d( w, y), a contradiction. 
The corollary is proven. 
As for (6) and (8) with the case of ilwll < 1, both of them are equivalent 
to the fact that 
P(W F[“‘(x)) < p(w x) 
holds for all x E B and m = 1, 2,..., where p(x, y) = tanh ~’ II@Jy)II is called 
the CRF (Caratheodory-Reiffen-Finsler) metric on B (see [3, 71). 
3. The rest of this note is devoted to a generalization of Theorem 2 
in [2]. Let e be a unit vector in X, and let MU = Im(u, e) - IlQ,~lj” for 
any u E X. Then the corresponding upper half-plane of X is defined by 
It is well known [7] that E is an unbounded convex domain in X, and 
E = {U E X: ZMu 3 O}. As a consequence of the preceding theorem, we have: 
THEOREM 2. Let G be a holomorphic self-map of E, and let Gcml be the 
mth iterate of G. Then either 
IMGc”‘( u) > Mu (10) 
holds for any u E E and m = 1, 2,..., or there exists a v E E such that 
h(v, Cc”‘(u)) d h(v, u) (11) 
278 GONG-NING CHEN 
holds for any u E E and m = 1,2,..., where 
h(u U)=li{(U,e)-(e,~)}+2(Q~u,u>12 
7 ZMU (12) 
If, further, G: E + E is continuous in the weak topology of X, then we have 
G(u) = u unless ZMu = 0. 
Proof. Let I,+ be the Cayley transformation defined by 
$(x) = 
i(x+e) 
l-(x,e) 
for any XEX with (x,e)# 1. It is well known [7] that $ is a 
biholomorphic map of B onto E. Thus F= $ -i 3 G 0 tj is a holomorphic 
map of B into B. This proof is then completed in a manner similar to that 
of Theorem 2 in [2], and therefore is omitted. 
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